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Abstract. We find conditions under which the pretangent spaces to general 
metric spaces have the nonpositive Aleksandrov curvature or nonnegative 
one. The infinitesimal structure of general metric cpaces with Busemann 
convex pretangent spaces is also described. 
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Hyio HjiH HeoxpimaTejibHyio KpHBHsny no AjieKcaH;],poBy. TaKJKe oiii-icaHa 
HHc|)HHHTe3HMajiBHaji cxpyKxypa o6iii;hx MexpHHecKHX npocxpancxB c bbi- 
nyKjibiMH no ByscMaHHy npe;i,KacaxejibHt.iMH npocxpancxBaMH. 

2010 MSG: 54E35. 

KjiKJHeBfaie cjiOBa: npeflKacaxejitnoe npocxpancxBo, CAT(O)- 
npocxpancxBO, KpHBHsna no AjicKcan^^poBy, BbinyKjiocxb no ByscMaHHy, 
HH4)HHHxe3HMajiBHaH reoMcxpHH MexpHHecKHX npocxpancxB. 



1 



1. Bfie^eHHe. npe;],KacaTejibHt.ie h KacaTejibHtie npocxpaHCXBa, HcnojibsyeMbie b nacTO- 
Hmeii pa6oTe, 6t.ijiH BBe^eHbi b |8] (cm. Taxace [^). HanoMHHM Heo6xo;],HMbie onpe;];ejieHHa. 

HycTB (X, d, p) — MexpHHecKoe npocxpaHcxBo c oxMeneHHOH xoHKoii p. 3a4)HKCHpyeM 
nocjie^oBaxejiBHOcxb f nojioJKHxejiBHbix BemecxBeHHbix hhccji r„, cxpeMamHxca k nyjiio. 
HasoBCM f HopMupymm,eu riocjie^oBaxejiBHOcxtio. By^eivi oGosHanaxB nepes X MHOxcecxBO 
Bcex nocjie^oBaxejiBHocxefi xohck hs X. 

Onpe^ejieHHe 1. /(ee nocAedoeameAtHocmu x,y & X , x = {Xn}neN u y = {ynjneN) 
eaauMHocmaBuAhHu omHocumeAhHo HopMupymvueu nocAedoeameAhHocmu r = {rn}n£n, 
ecAU cym,ecmeyem kohchhuu npedcA 

lim '^^^"'^"'^ := df{x, y) = d{x, y). (1) 

n^oo Vn 

CeMeficxBO F C X caMoc'ma6uAbHoe, ecjiH jiioGbie ^Be nocjie^oBaxejiBHOcxH x,y E F 
B3aHMHocxa6HjiBHL.i, F C X — MaKcuMttAbHoe caMoc'ma6uA'bHoe, ecjiH F caMocxa6HjibHoe 
H ;];ji5i npoHSBOjiBHOH 5 G X\F cymecxByex x E F xaxaa, hto x r z ne BsaHMHOcxaGHJibHbi. 
Hs jieMMBi LI,opHa jierKO cjie^yex, hto ^jiji KaJK^oii HopMHpyiomeii nocjie^oBaxejiBHOcxH 
r = {r„}„gN cymecxByex MaKCHMajitHoe caMocxa6HjibHoe ceMeiicxBo Xp f xaKoe, ixo 
nocxo3HHaa nocjie;];oBaxejibHocxb p = {p,p, ...} G Xp^f 

PaccMoxpHM cJ)yHKn;Hio (i : Xp^f x -^p,r — ^ 1^, r^e d{x,y) = df{x,y) onpe^ejiena ne- 
pes ([T]). OneBH^HO, d CHMMexpHHHa h HeoxpHii;axejibHa. KpoMe xoro, h3 nepaBencxBa 
xpeyrojTBHHKa ^jih (i HMeeM d{x, y) < d{x, z) + d{z, y) ^jia: Bcex 5 h3 Xp^f. CjieflOBa- 
xejiBHO (Xp r, d) — nceB;];oMexpHHecKoe npocxpancxBO. 

Onpe^ejiHM oxHomeHHe SKBHBajieHXHOcxH ~ Ha Xp^f KaK x y lOTj^a. h xojibko tovj^q., 
Kor^a df{x,y) = 0. 06o3HaHHM Hepe3 Qp^ MHOJKecxBo Bcex KjiaccoB sKBHBajieHXHocxH na 
Xp^f, nopoJK^eHHbix oxHomeHneM ~ . JX^^ a,l3 E Qpf nojiojKHM p{a,P) = d{x,y), rjie 
X E a R y E (3, xor^a p — MexpHxa na ^pf- Hepexo^ ox nceB^OMexpHHecKoro npocxpan- 
cxBa {Xp^f,d) K MexpHHecKOMy npocxpancxBy {flp-,p) 6yfleM Ha3t.iBaxb MempuHecKou 
udeHmucpUKav^ueu {Xp^f,d). 

Onpe^ejieHHe 2. ripocmpaHcmeo {Qpf,p) Hosueaemcfi npedKacameAhHUM k X e moHKe 
p omHocumeAbHO HopMupymvUieu nocAedoeameAbHocmu f. 

HycxB {nfcj/tgN — 6ecKOHeHHaa:, cxporo B03pacxaioiii;a5i nocjie^oBaxejiBHOcxB naxy- 
pajiBHbix HHceji. 06o3HaHHM Hepe3 f' no;];nocjie;];oBaxejibHocxb {rn^.}keN HopMHpyiomeH 
nocjie^oBaxejiBHocxH f = {r„}„gN h nycxt x' := {xnf.}km KajK^oii x = {xn}nm ^ 
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5IcHO, HTO eCJIH X H y B3aHMHOCTa6HJIbHt.I OTHOCHXejIbHO r, TO x' VL y' B3aHMOCTa6HJIb- 

HL.I OTHOCHxejibHO f' H df{x,y) = df'{x',y'). Ecjih Xp^f — MaKCHMajibHoe caMOCTa6HjibHoe 
OTHocHxejibHo f ceMeiicTBo, Tor^a, no jieMMe LI,opHa, cymecTByex MaKCHMajiBHoe caMo- 
CTaGnjibHoe OTHOCHxejiBHO f' ceMeficxBO Xp^f' TaKoe, hto {x' : x & Xp f.} C Xp^f'- 

06o3HaHHM nepes iuj:/ oTo6pajKeHHe h3 Xp^^ b Xp fi c inf/{x) = x' ^jih Bcex x G Xp^^. 
Hocjie MexpHHecKoii H;];eHTH(|)HKaii;HH oxoGpajKeHne irift nepexoflHx b HsoMexpHnecKoe 
Bjio>KeHHe em' : 1]^,- — )■ Koxoporo ^HarpaMMa 

TX 7r' (2) 

KOMMyxaxHBHa. 3^ecB tt, n' oxoGpaJKeHHH npoeKXHpoBaHHH na cooxBexcxByiomHe (|)aK- 
xopnpocxpaHCXBa, 7r(x) := {y G Xp^f : df{x,y) = 0} h 7r'(x) := {y G Xp^/ : df>{x,y) = 0}. 
HpeflKacaxejiBHoe npocxpancxBO HBjiaexca KacameAtHUM, ecjiH em' : 1]^^; — 

6HeKXHBHO flJIH KaJK^OrO Xp^f/. 

2. IIocTaHOBKa sa^ann. B Hacxoamefi pa6oxe nccjie^yioxca ycjioBna na MexpHnecKoe 
npocxpancxBo X, npn Koxoptix npeflKacaxejiBHbie npocxpancxBa Qpf HMeiox HeoxpHij,a- 
xejiBHyio no AjieKcan^poBy xpHBHsny h ycjioBHH, npn Koxoptix xpHBHsna no Ajiexcan- 
^poBy npocxpancxB Q^- nenojioacnxejibna, x.e. hbjihioxch CAT {0)-npocmpaHC'm6aMU. 
Xopomo HSBecxntie onpe^ejienna HeoxpHu;axejiBnocxH (nenojiojKHxejiBHOcxn) kphbhshbi 
no AjieKcan^poBy fl^amTca ^jih reo^esnnecKHX npocxpancxB c ncnojibsoBanneM xaK na- 
3t.iBaeMt.ix xpeyrojitnHKOB cpaBHeHHS (comparison triangles) cm., nanpnMep, b [6l rji. 4] 
H SBjiiiioxca ;];ocxaxonHO rpoMos^KHMH. HosxoMy npsMoe ncnojibsoBaHHe sxnx onpe^e- 
jieHHH npn nccjie^OBanHH npe^Kacaxejitntix npocxpancxB k o6tu;HM MexpHHecKHM npo- 
cxpancxBaM npe^cxaBjiaexca saxpy^nnxejibnbiM. Hojioacenne nsMcnnjiocb nocjie xoro, KaK 
Bepr H HnKOjiacB jxajin cjie;];yiotn;yio xapaKxepncxHKy CAT(0)-npocxpancxB. 

TeopeMa 1. [2] Uycmh {X,d) — zeodesuuecKoe npocmpaHcmeo. X fieAfiemcfi CAT(O)- 
npocmpaHcmeoM mosda u moAhKO mozda, Kosda Hepaeencmeo HemupexysoAbHUKa 

d'^{w, y) + d^{x, z) < d^{w, x) + y) + d^{y, z) + d^{z, w) (3) 

eunoAHCHO dAR Atodux moHCK w, x,y,z E X. 

Hpocxoe ^OKasaxejiBCXBO sxoii xeopeMt.1 6t.ijio naii^eno b [13]. Ilocjie noHBjienna j2], 
JleGefleBa n HexpynHn [11] nojiynnjin anajiornnnyio xapaKxepncxHKy npocxpancxB c neox- 
pHn;axejiBnoH no AjieKcanflpoBy KpHBHsnon. 
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TeopeMa 2. jTT] Uycmb {X, d) — nojinoe zeodesuuecKoe npocmpaHcmeo. X neAfiemcfi 
npocmpaHcmeoM Heompuv^ameAhHou no AACKcandpoey npueusHU mosda u moAtKO mosda, 
Kosda Hepaeencmeo 

hd^{x,y) + d'^iy, z) + d^{z,x)) < d\w,x) + d^{w,y) + d^{w, z) (4) 

eunoAHCHO Oah aw6ux moHen w,x,y, z G X. 

TaKHM o6pa30M, ^jia onHcaHHH CTpyKxypbi MexpHHecKHX npocTpancTB {X,d), npe^- 
KacaTejibHbie k KoxopbiM npHHa^jiejKax Kjiaccy CAT(O) hjih HMeioT HeoTpHi],aTejibHyio 
no AjieKcaH;];poBy KpHBHsny, ^ocTaxoHHO HafixH: 

(i) HH4)HHHTe3HMajibHB.ie aHajiorH HepaBencTB ([2]) h (jl]); 

(ii) ycjioBH3 reo;];e3HHHOCTH ^Ipf] 

(iii) ycjioBH3 nojiHoxbi ^1^^. 

IlyHKT (i) MOJKHo peajiHsoBaxB flocTaxoHHo ripocTo, ecjiH HcnojiBsoBaxb xax nasBiBa- 
eMbiH "npHHLtHn nepenoca", ;];oKa3aHHbiH b 

npHHu,Hn nepeHOca h ero npHMeneHHe. 

HycTb {X, d) - MexpHHecKoe npocxpaHCTBO. J^Jis Kaac^^oro n G N o6o3HaHHM ne- 
pes X" MHOJKecxBO Bcex n-naGopoB x = {xi,...,Xn) xaKHX, hto Xi G X, i = l,...,n. 
06o3HaHHM Hepea Mn npocxpancxBo BemecxBeHHbix {n x n)-MaxpHij, t c xonojiorn- 
efl noxoneHHOH cxo;];hmocxh. Hycxb DJl - (jDHKcnpoBaHHtiH Kjiacc nenycxbix MexpHnecKHX 
npocxpancxB h nycxt ^ - (jDHKcnpoBaHHoe ceMeiicxBo HenpepbiBHbix oflHopoflHtix (J)yHK- 
ii;hh / : Mn — M, n = n{f) cxeneHH o;];Hopo^HocxH s = s{f) > 0. 

By^eiM roBopHXB, hto 971 oripe^ejiaexcH ceivieiicxBOM ^5^, ecjiH cjie^yiomHe ^Ba ycjioBHH 
SKBHBajieHXHbi fljiH BCHKoro MexpHHecKoro ripocxpancxBa {X, d) : 

• (X, d) G 9Jt; 

• HepaBCHcxBo f{m{xi, Xn)) > BBinojiHeno ^jih Kaacflofi / G 5^ h Bcex 
^ d{xi,Xi) d{xi,X2) ... d{xi,Xn) ^ 



m(xi, X2, Xn) 



d{x2,Xi) d{x2,X2) ... d{x2,Xr, 



(Xi,X2, ■..,Xn) G X". 



d{Xn,Xi) d{Xn,X2) ... d{Xn,Xn) j 

HycxB (X, d, p) - MexpHHecKoe npocxpancxBo c oxMeHeHHoii xoHKoii p. HojiaraeM 



5p{xi, ...,Xn) := max (5) 

l<i<n 
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(xi, G X". JXna / G OJt onpe;];ejiHM 4)yHKij,Hio /* : X" — )■ M. npaBHjioM 

^ J/fifegzSy)' ecjiH(xi,X2,...,x„)7^(p,p,...,p) 

/ {Xi,X2, ...,Xn) := < ^ ^ 

1^0, ecjiH {xi,X2, = {p,p, ...,p). 

JTeMMa 1. [3] Uycmb {X,d,p) - MempunecKoe npocmpaHcmeo c omMeueHHOu moHKOu 
p u nycmt 971 - ceMeucmeo MempuHecKux npocmpaHcme , onpedeAsieMoe neKomopuM ce- 
MeucmeoM CAedymm,ue dea ymeepotcdeHUfi aKeueaAenmHu: 

(i) KacHcdoe npedKacameAhHoe npocmpaHcmeo npunadACCHcum DJt; 

(ii) HepaecHcmeo 

liminf r{xi,X2, .■.,Xn) > 
eunoAHSiemcsi dAH ecsiKou / G 5- 

HOJIOJKHM 

d^{w,x) + d^{x,y) + d^{y,z) + d^{z,w) - {d'^{w,y) + d^{x,z)) 

Ai{w, X, y, z) := — — , (6) 

{5p{w,x,y,z)y 

d\w,x) + d'^{w,y) + d'^{w,z)-l{d^{x,y) + d^{y,z) + d'^{z,x)) 
A2{w, X, y, z) := — ^ 7 

[dp[w,x,y,z)Y 

npH {w,x,y,z) ^ {p,p,p,p) H 

Ai{p,p,p,p) = A2{p,p,p,p) = 0. 

Cjie^yiomaji jieMMa cjie^yex Henocpe;];cTBeHHO h3 jieMMbi 1 npn f* = Ai n f* = A2. 

JleMMa 2. Uycmh {X,d,p) — McmpunecKoe npocmpancmeo c omMCHCHHou mounou p. 
HepaecHcmeo 

p\a, (3) + p\-f, rj) < p\a, 7) + p\a, rj) + p2(/3, 7) + 77) 

eunoAHCHO Bar ah)6oso npedKacamcAbHoso npocmpancmea Q^- u awBux a, /3, 7, 77 G fi^^ 
mosda u moAtno mosda, Kosda 



liminf Ai{w, x,y, z) > 0. 



HepaecHcmeo 



^{p^{a, /3) + p\l3, 7) + p2(7, a)) < p\a, r/) + p\l5, r/) + p\^, r,) 

eunoAHCHO Bar Am6o20 npedKacamcAtHozo npocmpancmea Q^f u ah)6ux a, /9, 7, 77 G 
mo2da u moAhKO mosda, Kozda 

liminf A2{w, x,y, z) > 0. 

w,x,y,z—^p 



reo^esHHHOCTb npe^KacaTejibHfaix npocTpancTB. ycjioBHH reoflesHHHocxH 
npe;];KacaTejibHt.ix npocxpaHCTB k o6iri;eMy MexpHHecKOMy npocTpancTBy Hccjie;];oBajiHCb 
B pa6oTe [3] . JXns y^o6cTBa HHTaxejiH npHBe^eM Heo6xo^HMt.ie ^jih ^ajiBHelimero pesyjib- 
Taxbi 3T0H paGoTbi. 

HycTB {X,d,p) — MexpHHecKoe npocxpaHCXBO c oxMeneHHoii xohkoh p. HanoMHHM, 
HTo xoHKa m G X nasbiBaexca cpeduHHou moHKou ^jia x,y & X, ecjiH d{m, x) = d{m, y) = 
= \d{x,y). 

Onpe/],ejieHHe 3. BydeM soeopumb, umo npocmpaHcmeo X neAfiemcfi cpeduHHO eu- 
nyKAUM 6 moHKe p, ecAU Bar awBux deyx nocAedoeameAhHocmeu x = u 
y = {?/n}neN £ X, cxodsim^uxcsi K p, HaudemcH nocAedoeameAt>Hocmt> z = {zn}nm £ X, 
z = z{x, y) manafi, umo 

d{Xn,Zn) = ^d{Xn,yn) + o{Sp{Xn, Vn)) U d{yn, Zn) = ^(i(x„, + o{Sp{Xn, Vn)) , (8) 

2(?e Sp{x,y) onpedeAena (fiopMyAou a cfiopMyAU osHaHamm, umo 

lim — r = lim — r = (J. [})) 

n^oo dp{Xn,yn> '^^'^ Op{Xn,yn> 

Hocjie^oBaxejiBHOcxB z b oripe^ejieHHH 3 6y^eM nasBiBaxt UHcfjuHumesuMaAbHou cpe- 

duHHOU mOHKOU J\J151 X n y. 

SaMenaHHe 1. Upu d{XniP) = d{yniP) = cfjopMyAa ([9]) ne onpedeAena, no ee AeeKO 
doonpedeAumb, CHumasi, umo eupaMcenuR nod snanoM npedeAoe paenu nyAW npu x„ = 

= yn = Zn = P U +00 npU Xn = yn = Pi Zn 7^ P- TttKUM o6pa30M, eCAU X = jj = p, 

sde p = {p,p,p, ...) — cmayuonapnafi nocAedoeameAbnocmh, a z = {zn}neN — uncpunu- 
meauMaAbnafi cpedunnan mouKa dAR x u y, mo Zn = p dAR ecex docmamouno BoAtmux 
n. 

JleMMa 3. [3] Uycmb {X,d,p) — MempunecKoe npocmpancmeo c omMeuennou mouKou 
p. EcAU X fieAfiemcfi cpedunno eunyKAUM e mouKe p, mo Am6oe cenapaBeAhnoe naca- 
meAtnoe npocmpancmeo Qpf. fieAfiemcfi seodesunecKUM. 

JleMMa 4. [3] Uycmb {X,d,p) — Mempunecnoe npocmpancmeo c omMeuennou mouKou 
p. EcAU ece npednacamcAbnue npocmpancmea Q^f. fieAfimmcfi seodesunecKUMU, mo X — 



cpedunno eunynAO e moune p. 



IIojiHOTa npeflKacaTejibHbix npocTpancTB. Ha ceroflHaniHHH j^esh Hex hh o^i;- 
Horo npHMepa MexpHHecKoro ripocxpancxBa X c npe^KacaxejiBHtiM npocxpancxBOM, ne 
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aBjiaiomHMca nojiHbiM, o^naKO nojiHoxa npoHSBOjibHoro npe^KacaxejibHoro npocxpaHCTBa 
ocTaexcH He ^OKasaHHoit. B cjiynae KacaTejibHbix Q^f. cnpaBe^jiHBa cjie^^yiomaji 

JleMMa 5. [8] Uycmb {X,d,p) — MempunecKoe npocmpaHcmeo c omMeneHHOU moHKOu 
p. Tosda AK)6oe nacameAhHoe npocmpaHcmeo fi^^ mAHcmcH uoahum. 

3. HH4)HHHTe3HMajii>Hi>ie BepcHH TeopeM Bepra-HHKOJiaeBa h JleSe^eBoii- 
IleTpyHHHa 

TeopeMa 3. Tlycmt {X,d,p) — McmpuHCCKoe npocmpancmeo c omMCHCHHOu mouKoup. 
EcAU X ABAAemcfi cpedunno eunyKAUM e moune p u 

liminf Ai{w,x,y,z) (10) 

sde (f)yHKUufi Ai{w,x,y,z) onpedeAena cjjopMyAou ([6]), mo AwBoe cenapaBcAhHoe naca- 
mcAbHoe npocmpancmeo Qpf. AeAAcmcfi CAT (O)-npocmpancmeoM. 

flonasamcAhcmeo. HycTb X — cpe^HHHO BbinyKjio b TOHKe p h HMeex mccto ( ITU]) . Pac- 
CMOTpHM npoH3BOJiBHoe cenapa6ejiBHoe KacaxejibHoe ripocxpaHCTBo VL^- c MexpHKofl p. 
Ho jieMMe 3 npocTpancTBO VL^- aBjiaexca reo^^esHHecKHM, a no jieMMe 2 HepaBencTBO 

p\a, 13) + p\^, T]) < p\a, 7) + p'{a, r,) + p\l3, 7) + p\l3, r]) (11) 

HMeeT MecTo jiio6l.ix a,l3,'j,ri G ^pf- Cjie^^oBaxejibHo, no xeopeMe 1, Q^^; sBjiaexca 
CAT(0)-npocTpancTBOM. □ 

TeopeMa 4. Tlycmt {X,d,p) — McmpuuecKoe npocmpancmeo c omMcuennou moHKOu p. 
EcAU ece npednacamcAhnue npocmpancmea fieAfimmcfi CAT(0)-npocmpancmeaMU, 
mo X — cpedunno eunyKAO e mouKC p u UMcem Mccmo coomnomenue (fTOj) . 

/(oKasamcAbcmeo. IlycTb Bce npeflKacaTejibnbie npocTpancTBa sbjihiotch CAT(0)-npocT- 
pancTBaMH. Ho onpeflejiennio, jiio6oe CAT(0)-npocTpancTBo aBjiaexcH reo^eannecKHM. 
Cjie;];oBaTejibno, Bce Q^- SBjunoTca reo^^esnnecKHMH. Ho jieMMe 4, X — cpe^nnno bbi- 
nyKjio B TonKe p. Ho xeopeMe 1 ns npnnaflJiejKnocTH G CAT{0) cjie^yex nepaBen- 
CTBo ( ITTj) ^jiH jiK)6t.ix a, (3,^,7] G flp^f. Snannx ( 1TT|) HMeex Mecxo ^jih Bcex flp ^ n Bcex 
Q!,/3,7,r7 G ^p f- Hocjie^nee, no jieMMe 2, paBHocnjibno BbinojineHHio f lTO|l . □ 

TeopeMa 5. Uycmh {X,d,p) — McmpuuecKoe npocmpancmeo c omMcuennou moHKOup. 
EcAU X fieAfiemcR cpedunno eunyKAUM e moune p u 

liminf A2{w,x^y,z) (12) 
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2de (f)yHKUufi A2{w,x,y,z) onpedeAena cfjopMyAou ([7]), mo AK)6oe cenapa6eAbHoe naca- 
meAbHoe npocmpaHcmeo fieAfiemcfi npocmpaHcmeoM HeompuyameAbHou no Aack- 
candpoey npueusHU. 

/],OKa3aTejibCTBO sxoii xeopeMt.: anajiornHHO ^OKasaxejibCTBy xeopeMbi 3. SaMexHM 
xojibKO, Hxo BMecxo xeoepML.1 1 (Bepra-HnKOjiaeBa) ^Jia npoHSBOjiBHbix reo^esHHecKHX 
npocxpaHCXB nyjKHO HcnojitsoBaxt xeopeMy 2 ( JIe6efleBoii-nexpyHHHa) , b Koxopofi npe^i;- 
nojiaraexcH riojiHoxa paccMaxpHBaeMoro reo^esHnecKoro npocxpancxBa. HcnojitsoBaHHe 
xeopeMbi 2 bosmojkho, xax xax jieMMa 5 rapanxnpyex nojiHoxy KacaxejibHbix VL^^. 

Cjie^yiomaa xeopeMa nojiHocxtio anajiornHHa xeopene 4. 

TeopeMa 6. Uycmb {X,d,p) — MempunecKoe npocmpaHcmeo c omMCHCHHOu moHKOu 
p. EcAU ece npednacameAhHue npocmpancmea Q^f fieAfimmcfi noAHUMU eeodesunecKUMU 
npocmpancmeaMU HcompuyamcAhHou no AACKcandpoey npueusHU, mo X — cpedunno 
eunyKAO e moune p u UMcem Mccmo coomHomenue (fT^ . 

Hs xeopeM 3-6 nojiynaeM cjie;];yioin;ee 

CjieflCTBHe 1. Uycmt) {X,d,p) — McmpuuecKoe npocmpancmeo c omMCHCHHOu moHKOu 
p. UpednoAOCHCUM, umo Am6oe npednacamcAhHoe npocmpancmeo Qpf neAHcmcH cenapa- 
BcAhHUM u KacamcAhHUM. B amoM CAyuae: 

(i) X — cpedunno eunyKAO e mouKC p u eunoAneno flTU]) mosda u moAtno mosda, 
Kozda ece fi^- — eeodesunecKue npocmpancmea nenoAootcumcAhnou no AACKcandpoey 
Kpueusnu. 

(a) X — cpedunno eunyKAO e mouKC p u eunoAneno (fT2|) mosda u moAhKO mosda, 
Kosda ece f — deodesunecKue npocmpancmea neompuu,ameAt>nou no AACKcandpoey Kpu- 
eusnu. 

4. XapaKTepH3aLi,HH CAT{0) npe/],KacaTejii>HMx npocTpancTB nepes HepaBen- 
CTBO IlTOJieMeH H BbinyKJiocTb no ByseiviaHHy. IlpaKXHHecKH o;];HOBpeMeHHO c pa- 
6oxoii P] GbiJia onyGjinKOBana cxaxta: T. Foertsch, A. Lytchak, V. Schroeder [TU], b ko- 
xopoH CAT(0)-npocxpaHCXBa 6l.ijih oxapaKxepHSOBaHti xax nxojieMeeBbi reo^esHHecKHe 
npocxpancxBa BtinyKjitie no ByaeMaHHy. 

HanoMHHM, HTO MexpHHecKoe ripocxpancxBO {X, d) HaatiBaexcH nmoACMceeuM, ecjiH 
cjieflyiomee nepaeencmeo UmoACMCH 

d{x, y)d{u, v) < d{x, u)d{y, v) + d{x, v)d{y, u) (13) 

HMeex Mecxo ^jih Bcex x,y,u,v G X. 
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Onpe^ejieHHe 4. fn\ c. 187] FeodesuHecKoe npocmpaHcmeo {X, d) nasueaemcsi eu- 
nyKAUM no BysejuaHHy (npocmpaHcmeoM ByseMauHa), ecAU Bar awBux deyx acfjcfjuHHO 
napaMempusoeaHHUx seodesunecKux 7 : [a,b] — > X 7' : [a', b'] X omoBpaMceHue 
D^^Y : [a,b] x [a' , b'] — )■ M, onpedeACHHoe nan 



HeAHeracH eunyKAUM. 

Mhi He ^aeM riojiHoe onncaHHe Bcex TepMHHOB, BxoflamHx b onpe^ejieHHe 4, oTctijiaa 
HHTaxejia k MOHorpa4)HH |12] . 

TeopeMa 7. [TU] MempunecKoe npocmpaHcmeo X fieAfiemcfi CAT (Oj-npocmpancmeoM 
mosda u moAtno mosda, Kosda X nmoACMceeo u eunyKAO no ByscMauHy. 

LI,ejiBio HacToamero pasflejia sBjiaexca iiocTpoeHHe HHcjDHHHTesHMajibHoro anajiora 
xeopeMbi 7. 

SaMenaHHe 2. B pa6ome fW^ eeodesunecKoe npocmpancmeo {X, d) nasueaemcfi eunyn- 
AUM no ByscMaHHy, ecAU Bar ak)6ux deyx acjjcpuHHO napaMcmpusoeauHux eeodesunecKux 
P : [a, 6] — X li 7 : [a, 6] — )■ X omodpaotcenue t t— )■ d{j3{t),^{t)) fieAfiemcfi eunyKAUM. 
McnoAhsyfi ymeepofcdenue 8.12 U3 fT^ - acsko nonasamh, umo manoe onpedcACHue aneu- 
eaACHmno onpedeACHum 4- 

IlTOJieMeeBOCTb npe^KacaTejitHMx. YcjioBHe nTOJieMeeBocxH npeflKacaTejiBHbix 
npocTpancTB 6t.ijio nafl^eHO b [5]. Ero jierKO nojiyHHXb, Hcnojibsya HepaBencTBO Hto- 
jieues (I13p H npHBefleHHbiit Bbime npHHii;Hn nepenoca. AnajiornHHO (|)yHKn,Ha:M Ai h A2 
saflaflHM fljia npocxpaHcxBa (X, d, p) (|)yHKn;Hio A3 Kax 



npH {w, x, y, z) ^ {p, p, p, p) H A^i^p, p, p, p) = 0. 

JleMMa 6. [5] Tlycmt (X, — McmpunecKoe npocmpancmeo c omMcncHHOu moHKOup. 



D^,y{t,t') = d{^{t),^{t')) 



A3{w,x,y,z) 



d{x, w)d{y, z) + d{x, z)d{y, w) — d{x, y)d{w, z) 
{Sp{w,x,y,z)y 



(14) 




= HeAHcmcH nmoACMceeuM mozda u moAhKO 



(15) 
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BbinyKJiocTfc npe/j,KacaTejii>Hi>ix npocTpancTB no ByseMaHHy. Bonpoc o bm- 
nyKjiocTH no ByseManny npe;],KacaTejibHB.ix npocTpancTB k o6iri;HM MexpHHecKHM npo- 
CTpancTBaM panee ne nccjie^oBajica h, bh^hmo, ne Moxcex 6t.iTB riojiyneH KaK npocToe 
cjieflfiTBne npHHii;Hna nepenoca. Toro, htoGbi onpe^ejiHXb "HH4)HHHTe3HMajibHyio bbi- 
nyKjiocTB no ByseManny" mbi 6yfleM HcnojiBSOBaxt. xapaKTepH3an,Hio BtinyKjiocxn no By- 
seManny B xepMHnax cpe^nnnbix xoneK. 

HanoMnHM, nxo ecjin 7 : [a, 6] — )■ X ecxb reo^esnnecKaa, x = 7(a), y = 'j{b), xo o6pas 
oxpesKa [a, b] npn oxo6pa>Kennn 7 nastiBaexcH seodesunecKUM ceeMenmoM n o6osnana- 
excH [x,y]. TaKHM o6pasoM, reo;],esHHecKHe cerMenxBi b X 3xo b xonnocxn no^Mno>KecxBa 
X, HSOMexpnnnbie oxpesKaM npHMon. 

JleMMa 7. Uycmb {X,d) — MempunecKoe npocmpaHcmeo, a,b,c ^ X u [a,b],[b,c] — 
seodesuHecKue ceeMenmu, AecHcaiu,ue e X. Ecau UMeem Mecmo paeencmeo 

d{a,b) + d{b,c) = d{a,c), (16) 

mo MHOCHcecmeo [a, b]U[b, c] — seodesuHecKuu cesMenm e X. B HacmHocmu, ecAU d{a, b) = 
= d{b,c) = |(i(a, c), mo mouna b npunadAecucum seodesunecKOMy cesMenmy [a,b] U [b,c\ 
u RBAfiemcfi cpeduHHOu dAR mouen a u c. 

Mbi ne 5y^eM npHBO^nxb (|)opMajibnoe ^OKasaxejitcxBO axoii jieMMBi. HanoMnnM 
xojiBKO, nxo (c xonnocxBK) j\o napaMexpHsan,HH) reo^esnnecKaa b MexpnnecKOM npocxpan- 
cxBe ecxB KpHBaa, fljinna Koxopoii coBna^aex c paccxoanneM Meac^y ee Konn;aMH. 

JleMMa 8. Uycmb {X, d) — seodesunecKoe npocmpancmeo. CAedymmue ymeepcHcdenusi 
SKeueaAeHmHU. 

(i) X eunyKAO no ByseMauHy; 

(ii) /^Asi ATodux mpex mouen x^,x^,y E X eunoAueno nepaeencmeo 

d{m\y)<^id{x',y) + d{x\y)), (17) 
sde — cpeduHHasi mouna dAfi x'^^x^. 

/J^OKasameAbcmeo. KaK nsBecxno, X aBjiaexca BbinyKjibiM no ByseManny Torfl^a n xojibko 
xor^a, Kor;];a ^Ji3 jiioGon xonxn y E X n jiio6oro reo^esnnecKoro cerMenxa Jie- 
jKamero b X, Btmojineno (fT7|) (cm. yxBepjK^enne 8.12 ns [E])- Cjie^oBaxejitno (ii) =^ (i) 
^OKasano. J^Jis npoBepxn (z) =^ (ii) ;];onycxHM, nxo X — BbinyKjio no ByseManny, 
x°,x^,m3;,y G X n — cpe^Hnnas xonxa ^jih x^,x^. Ecjth x° = x^, xo x° = mj. = x^ 
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H (nT|) oneBH^HO. HycTb 7^ x^. Tax kek X — reo^esHHecKoe, to cymecTByioT reo^e- 
SHHecKHe cerMeHTt.1 [x'',ma;] h [mj;,^"^], a thk KaK — cpe^HHHaH TOHKa ^jih a:°,a;"^, 
TO d{x^,mx) = d{x^,mx) = |(i(x°,x^). OTcio^a, no jieMMe 7, cjie^yeT, hto MHoxcecTBo 
[x'',m2,.] U [m^-jX"'^] — reo;];e3HHecKHH cerMeHT h mbi ohstb MOJKeM HcnojibsoBaTb yTBep- 
jKfleHHe 8.12 H3 [12]. □ 

HycTb Tenept. {X, d, p) — MeTpHnecKoe npocTpancTBO cpe^^HHHO BbinyKjioe b otmb- 
HCHHOH TOHKe p B cMBicjic onpe^ejieHHs 3. riycTB X° = {x°}„gN H = {xl^}n£N flBe 
nocjie^oBaTejiBHocTH, npHHafljieiKamne X h Taxne, hto 

lim x° = lim x\ = p. 

n—>-oo n—>oo 

Hepes fh^ = {ji^^jneN 6y^eM o6o3HaHaTt. HHcJjHHHTesHMajibHyio cpeflHHHyio TOHxy p^jis 

Onpe^ejieHHe 5. Uycmb {X,d,p) — MempunecKoe npocmpaHcmeo c omMeneHHOu mon- 
Kou p. BydeM soeopumb, umo npocmpaHcmeo (X, p) eunyKAO no ByscMaHuy e mouKC 
p, ecAU OHO cpeduHHO eunyKAO e p u dAR awBux x^, y G X, cxodsiiu^uxcsi k p, u Am6ou 
ifi^ = {m^jnm UMcem Mccmo coomnomeHue 

{di'ml.y) - ^(d(x°,?/„) + c/(x^, ?/„)))+ = o(5p(x° , x^)), (18) 

W+ = t e M. (19) 

Cjie;];yioiri;aa TeopeMa ^aeT ^ocTaTOHHoe ycjiOBHe BbinyKjiocTH no ByseManny cena- 
pa6ejibHL.ix KacaTejiBHBix ripocTpancTB. 

TeopeMa 8. Uycmb {X,d,p) — McmpuHCCKoe npocmpancmeo c omMcucHHOu moHKOu p. 
EcAU X eunyKAO no ByscMaHHy e mouKC p, mo Am6oe cenapadcAhHoe KacamcAtHoe npo- 
cmpancmeo Vtp- fieAfiemcR eeodesunecKUM npocmpancmeoM eunyKAUM no ByscManny. 

/JoKasamcAbcmeo. HycTt X BtmyKjio no ByseManny b Tonxe p, Q^- — cenapaGejitnoe 
KacaTCJitnoe npocTpancTBo c MeTpHKoii p, a Xp^f — MaKCHMajitnoe caMocTaGnjibnoe ce- 
MencTBO, cooTBeTCTByion^ee ^Ipf. Ha onpeflejiennH 5 cjiepyeT, hto X — cpe^nnno BbinyKjio 
B Tonxe. CjieflOBaTejitno, no jieMMe 3, SBjiaeTca reo^esnnecKHM. HyjKno noKaaaTt, 
HTO BbinyKjio no ByseManny. IlycTb 7*,/? G ^p^ii = 0, 1 n nycTb p^ — cpeflnnnaH 
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TOHKa 7*^, 7^. B cooTBexcTBHH c jieMMofl 8, BbinyKjiocTb no ByaeMaHHy npocTpancTBa 
Qpf 6yfl,eT ^oKasana, ecjin 

p(/x^/3)<^(p(7°,/3) + p(7\/3))- (20) 

EcjiH 7*^ = 7"^, TO /i"^ = 7° = 7""^ H (120|) oneBmp^HO. HycTb 7° 7^ 7^. PaccMOT- 
pHM = {xl^}n(^n,y = {?/„}neN, 5'^ = {zl}neN, npHHa^JieJKamHe Xp^f xaKne, hto 
n{x^) = 7*, n{y) = 13, n{z'') = , i = 0, 1, r;i,e vr — OToGpaaceHHe npoexTHpoBaHHa Xp^f na 

Vtpf (cm. ([2])). HpOBepHM, HTO — HHcjDHHHTeSHMajIbHaH CpeflHHHaH TOHKa ;i,JIH X° H X^. 

riojioJKHM a = 7r(p), r;],e p — CTaii,HOHapHaH nocjie^oBaxejibHOCTb {p,p,p, ...). Hcnojibsya 
onpe^ejieHHe mctphkh p, naxo^HM 

lim 1^"^"' ^"'^ ~ 2 v'*'"' I _ jjj^ r-„ _ 

n^oo d{x\,p)y d{x^^,p) ~ n^oo d{xl,p)yd{xl,p) ~ 



P(a,7^) V p(a,7°) 

Tax KaK 7° 7^ 7^, TO < ^(7, 7^) V ^(7, 7°) < 00, a xax xaK /x'^ — cpeflHHHaa TOHKa ^jia 



7° H 7^, TO 



p{l\p') = \p{l\l\ 



CjieflOBaTCJiBHo 

lim — ^---r = 0. (21) 

n^oo d(xl,p) Vrf(x^,p) 

AnajiorKHHo naxo^HM 

lim l^^^f H^n^4)| ^ Q ^22) 

n^c« rf(4,p)Vrf«,p) 

PaBCHCTBa (I2T]) , (122|) h ([9]) noKastiBaioT, hto 5^ — HHcjDHHHTesHMajitHaji cpe^HHHaji TOHKa 
fl^jis x^ m x^. BocnojibsoBaBuiHCB f flSj) . nojiynaeM 

Q ^ {djzZ, Vn) - |(c^(3^ni yn) + d{x\, yn)))+ ^ 

n^oo d{xl,p)y d{xl,p)y d{yn,p) 
_ (p(^7,^)_i(p(^o^/j) + p(y^/3)))^ 

p(70,a) Vp(7i,a) Vp(/3,a) 
TaK KaK sHaMenaTejiB nocjie^Hefi ^poGn KOHennoe nojiojKHTejiBHoe hhcjio, to 

(p(/i^/3) -l(p(7°,/3)+p(7\ /?)))+ = 0, 

HTO paBHOCHJIBHO f l2Up . □ 
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TeopeMbi 7, 8 H jieMMa 6 flaioT cjie^yiomee 

Cjie^CTBHe 2. Uycmh {X,d,p) — MempunecKoe npocmpaHcmeo c omMeueHHOu uiohkou 
p. UpednoAOCHCUM, umo Am6oe npednacameAhHoe npocmpaHcmeo Q^f fieAfiemcfi cenapa- 
BcAhHUM u KacamcAbHUM. Tosda, ecAU eunoAHCHO Hcpaeencmeo f|T5|) u X eunyKAO no 
ByscMaHHy e moune p, mo naotcdoe Q^-. fieAfiemcfi npocmpancmeoM KAacca CAT(O). 

TeopeMa 9. Uycmb {X,d,p) — McmpunecKoe npocmpancmeo c omMCHCHHOu mouKou p. 
EcAU ece npedKacamcAtHue npocmpancmea neAsimmcsi seodesuuecKUMU, eunyKAUMU 
no ByscMaHHy npocmpancmeaMU, mo X eunyKAO no ByseMauHy e moune p. 

floKasamcAbcmeo. HycTb Bce VL^^ aBjiaioTCJi reo^^esHHecKHMH, BL.inyKjiL.iMH no ByseMan- 



ny iipocTpancTBaMH, no X ne BbinyKjio no Byaenanny b tohkc p. Tax xax Bce VL 



X 

p,f 



reoflesHHecKne, to no jicmmc 4, npocTpancxBO X — cpe^nnno Bbinyxjio b Tonxe p. Tax 
KaK X ne HBjiaeTCH BL.inyKjiL.iM no ByseManny b Tonxe p, to naflflyxcH cxofl5iLu;Hec5i k p 
nocjieflOBaxejibnocTH x'^jX^ c Hncl^nnHTesHMajiBnon cpe^nnnoH tohkoh m^, cxofl5ini;a5ic5i 
K p nocjie^oBaxejibnocTb y n nocxoannaa c > xaxne, nxo 

) (23) 

npn Bcex n G N. noKa:a<;eM, nxo npaBaa nacxL. b (12 3 P nojioJKHxejibna npn Bcex ^ocxaxon- 
no GojiBLUHX n. /JencxBHxejibno, ecjin 3xo ne xaK, xo nepexo^a k no^nocjie^OBaxejiBnocxn 

" ~ Un = V AJia: Bcex n, no xor^a = p ^jih Bcex ^o- 



cxaxonno Gojitmnx n (cm. saMenanne 1). Ho^^cxaBjiaa p BMecxo Bcex nepeMennbix b f l23|) . 
nojiynaeM jiojKnoe nepaBencxBO (0)+ > c-0. TaKHM o6pa30M, Moxcno pas^ejinxt npaByio n 
jieByio nacxb b f l23|) na 5p(x^, x]^ n nepexo^a, ecjin nyacno, k no^nocjie^oBaxejibnocxn 
cnnxaxB, nxo 

^ ,. d{ml,yn)-\{d{xl,yn) + d{x\,yn)) 
< c < hm —— . 24 

Op{xl,yn,x\) 



Hs ([9]) cjiepyeT nepaBencxBO 



1- d{ml,p) 
limsup YT~d n 

n— !>oo Op [X^ , y^i , X^ j 



Snannx, nepexo^^a eLn;e pas, ecjin neo6xo;i,HMO, k no^nocjie^oBaxejibnocxn mojkcm cnn- 
xaxb, nxo p, x^ = {xl^}neN,y = {2/n}neN,5° = {x'^}nm,'m'' = {m^}nen - BsanMno- 
cxaGnjitntie oxnocnxejitno nopMHpyioLu;eH nocjie^oBaxejitnocxn f = {r„}„gN c r„ = 
= 6p{x^,yn,xD,n G N. Hycxb Xp^f — MaKCHMajibnoe caMocxaGnjibnoe ceMencxBO xa- 
Koe, nxo {x^ , x'^ ,y,m^} C Xp^f. 06o3nanHM nepes cooxBexcxByioLn;ee ceMencxBy ^ 
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npe;i,KacaTejibHoe npocxpaHCTBo. 06o3HaHHM 

^0 = 7r(x°),/3^ = 7r(5^),7 = 7r(y),/ = 7r(m^),a = 7r{p). 
ToTfl^a f l24p MOJKHO sanHcaxb xaK 

< c < p(/, 7) - ^ 7) + 7))- (25) 

B CHjiy jieMMbi 8, h3 nocjie^^nero HepaBencTBa cjie^yex, hto He BbinyKjio no 
ByseMaHHy. HojiyHeHHoe iipoTHBopenHe saBepmaex ^OKasaTejitcxBO TeopeMti. □ 

TeopeMaT, TeopeMa 9 h jieMMa 6 flaioT cjie^yiomee 

CjieflCTBHe 3. nycmt {X,d,p) — MempunecKoe npocmpaHcmeo c omMeueHHOu moH- 
Kou p. EcAU ece npedKacameAbHue npocmpaHcmea fieAfimmcfi CAT(0)-npocm- 

paHcmeaMu, mo X eunyKAO no ByseMaHHy e moHne p u eunoAHHemcH HepaeeHcmeo 

m- 

TeopeMa 10. Uycmb {X, d, p) — MempunecKoe npocmpaHcmeo c omMCHCHHOu moHKOu 
p. IJpednoAocHcuM, umo Am6oe Q^- fieAfiemcH cenapadcAhHUM u nacamcAhHUM. Toeda 
CAedymm,ue ymeepMcdcHUR SKeueaACHmHU. 
(i) Kaotcdoe Q^f fieAfiemcfi npocmpancmeoM KAacca CAT(O). 

(a) Upocmpancmeo X eunyKAO no BysejuaHHy e mouKC p u liminf A'i^w^x^y^z) > 0, 

w,x,y,z—^p 

sde (jjyHKUiUsi A^, onpedcAena e (fl^ . 

B ;];oKa3aHHt.ix Btime xeopeMax 3, 8 h 10 4)HrypHpyeT cbohctbo cenapa6ejibHOCTH Ka- 
caxejitHBix ripocTpancTB ^Ipf. B cbhsh c sthm BoaHHKaex Bonpoc o CBoflcxBax npocxpan- 
CTBa X, rapaHTHpyioin;HX xaKyio cenapaGejibHocxB. O^hhm hs xaKHX cbohcxb aBjiaexca 
xaK HasBiBaeMoe ceoucmeo ydeoenusi. HanoMHHM, hto MexpHnecKoe npocxpancxBO X o6- 
jiaflaex ceoucmeoM ydeoenufi [doubling property), ecjiH cymecxByex C > 1 xaKoe, hxo ^jih 
jiio6oro y4 C X c dianiA < oo Hafi^exca ne 6ojiee hcm C MHoacecxB B (1 X, oGpasyiomHX 
noKptixne A h y^oBjiexBopjiiomHX ycjioBHio 

diam B < -diamyl. 
- 2 

HcnojiBsya yxBepjK^eHHe 4 h3 [1] mojkho ^OKaaaxt. cjie^yromee 

yTBepac^eHHe 1. Ilycmt X — MempuuecKoe npocmpancmeo, o6Aadamm,ee ceoucmeoM 
ydeocHUR. Tosda Oasi Am6ou mounu p E X AH)6oe npedKacamcAtHoe npocmpancmeo Q^f 
fieAfiemcfi cenapa6eAhHUM. 
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Oxciofla cjiepyeT, mo cenapaGejibHbiMH SBjiaioTca npe^KacaxejibHbie k jiioGoMy no^i;- 
MHOJKecTBy KOHeHHOMepHoro HopMHpoBaHHoro npocTpancTBa. HnxepecHO OTMexHTb, hto 
B pa6oTe JX. ^op^oBCKoro [3 ^OKaaaxejiBCTBO xeopeMBi 2.3] 6t.ijio nocxpoeHO no^MHOJKe- 
CTBO X THjibGepTOBa npocTpancTBa I2 cyMMHpyeMbix c KBa;i,paTOM nocjie^^oBaxejibHocTefl, 
HMeiomee no KpaiiHeH Mepe Mepe o^ho ne cenapa6ejibHoe ripe^KacaxejiBHoe npocxpaHcxBo. 
TaKHM o6pa30M, npocxpancxBo npe^KacaxejiBHoe k cenapaGejiBHOMy MexpHHecKOMy npo- 
cxpancxBy ne oGaaaxejiBHo cenapa6ejibH0. 
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